The internal rate of return (IRR) criterion is often used to evaluate profitability of investment projects. In this paper, we focus on a single-period project which consists of two types of cash flows; an investment a t one period and a return a t a succeeding period, and a financing at one period and a repayment at a succeeding period. We decompose the given investment project into a series of the singleperiod projects. From the viewpoint of the single-period project, we point out the applicability issue of the IRR criterion, namely the IRR criterion cannot be applied in which a project is composed of both investment type and financing type. Investigating the properties of a series of the single-period projects, we resolve the applicability issue of the IRR, criterion and propose the decision procedure for profitability judgment toward any type of investment project based on the comparison between the IRR and the capital cost. We develop a new algorithm to obtain the value of the project investment rate (PIR) for the given project, which is a function of the capital cost, only using the standard IRR computing routine. This outcome is a theoretical breakthrough to widen the utilization of IRR in practical applications.
Introduction
The investment project is profitable if its net final value (NFV) is positive, and not profitable if its N N is negative, where the entire series of net cash flows of the investment project and the capital cost are given. According to the internal rate of return (IRR) criterion, project profitability depends on the relation between IRR (denoted by r) and the capital cost (denoted by i). The project is profitable if r > i, and not profitable if r < i . some of the investment projects with reinvestment during the project's life have multiple IRR values 131, 161. In this case, the IRR criterion is not applicable.
In this paper, we focus on "a single-period project" in which cash inflow (or outflow) occurs at one period and inverse cash flow follows at the next (immediate succeeding) period. The single-period project can be classified into two types; "investment type" in which cash outflow (investment) occurs at one period and cash inflow (return) comes at the next period, and "financing type" in which cash inflow (finance) occurs at one period and cash outflow (repayment) follows at the next period. We decompose the investment project into the series of the single-period projects. If the total project is converted into the series of single-period projects which have the same value of IRR, the total project also has the equivalent value of IRR. However, the general total project is decomposed into the mixture of investment type and financing type. The former is profitable iff r > i and the latter is profitable iff r < i . Therefore a simple judging criterion of IRR cannot be applied in such a case. The investment project with multiple IRR values is decomposed into the series which includes the financing type.
This paper proposes a procedure to convert a project which is a mixture of both investment type and financing type into a series of single-period projects comprised of only investment type, using properties of the single-period project. Then we can provide a procedure for judging profitability of any investment project based on the comparison between the IRR and the capital cost.
Basic Assumptions and Notations
1) Let A = [ao,al,. . .,a,,] denote a project which generates net cash flows of a, at the end of period t, where t = 0,1,. . .,n . An investment project satisfies a0 c 0 and a, > 0 for some values of t.
2) Assume that the capital cost i is given. The domain of i is i > -1 when we consider i as the variable interest rate for mathematical examination.
3) The Net Final Value function of the project A at the end of period n is defined as follows:
Sk(i)=ao(l+i)tr + u~( ! + i ) " ' + ---+ a n -i ( l + i ) + a n s (2-1)
The project A is profitable if Sk (i) > 0, and not profitable if Sk (i) c 0.
4) The project balance of the project A at the end of period t is defined as follows:
The project balance at the end of period n is equivalent to the NFV.
5) The IRR of project A satisfies Sk (r) = 0 and is denoted by r .
Decomposition of Investment
Project from a Viewpoint of Single-Period Projects 3.1. A single-period project As an example, we shall consider an investment project C = [-100,120] . The IRR of C is calculated to be r = 20% as the ratio of return 120 over the investment 100. Using r, C can be expressed by C = -100[1,-(1+ r)]. Then the NFV of C under the capital cost i, denoted by Spd), is given by SF (i) = -loo(( -r). This equation shows that the relation between r and i determines the sign of NFV. For example, in the case of i = lo%, NFV of C is positive since r > i . Then the project C is evaluated to be profitable.
Single-Period Project: We define a project whose cash flows are a,-1 = c, , a, = -c,(l + r ) , and a/ = 0 where l # t-1, t to be the single-period project. The project denoted by [O,. . . ,O,cl,-c, (1 + r),O,. . . ,0] is the single-period project at period t whose IRR is r. As shown in The case of a single-period financing project ( c t > 0 ) : Mixed Investment Series: The series composed both of the single-period investment projects and the single-period financing projects. There exist ct of both signs. E(r) is an example of a mixed investment series. From property 3.1 and (3.3), we obtain the next property about the pure investment series. Property 3.2. When A(r) is a pure investment series (shortly described as A(r) is pure hereafter), the NFV of A(r) satisfies the next property. C r ) ( i ) > 0, where i < r. < 0 and &A(r)(i) is strictly decreasing function of i, where i > r. 3.3. Problem of the IRR criterion and idea for the solution Property 3.2 tells us that the IRR criterion is applicable to the pure investment series. In the case of r > i, the entire series is profitable since all single-period investment projects in the series are profitable. In the case of r < i , all single-period investment projects in the series are not profitable, so that the series is judged to be not profitable. Property 3.2 also tells us that the pure investment series doesn't have multiple IRRs. It implies that the investment project with multiple IRRs is decomposed into the mixed investment series.
We consider Q r ) as an example of a mixed investment series as shown in Figure 2 . In the case of r > i , the single-period investment projects at period 1 and 3 are profitable, and the single-period financing project at period 2 is not profitable. On the contrary if r < i , the single-period investment projects at period 1 and 3 are not profitable, and the single-period financing project at period 2 is profitable. It follows that in both cases of r > i and r < i , there co-exist profitable single-period projects and not profitable ones. Therefore, in case of mixed investment series, the profitability of the entire project cannot be determined based on the profitability judgment using the IRR criterion for each single-period project. In order to resolve the above problem inherent to the mixed investment series, we decompose the whole investment project into the series of single-period project, regarding the capital cost i as the value of IRR for the single-period financing project. For example, in the case of i = 10% , project E can be decomposed into the series of single-period projects as follows (refer to Figure   3 ).
The IRR of the single-period investment project in this example becomes r = 2 1.2%. The single-period financing project does not influence the profitability of the whole project because the IRR of the single-period financing project equals to the capital cost. Therefore the profitability of the single-period investment project determines the profitability of the entire project. If r > i , the whole project is profitable and if r < i , it is not profitable. Project E in Figure 3 is profitable since = 2 1.2% > i = 10%.
In general, decomposing the investment project into the series, using rate r for investment project and i for financing project, enables the profitability determination of the whole project according to the relation between rand i. We consider in the next section, the way of calculating the value of r in the series where the capital cost i is given.
Analysis of Series of Single-Period Projects

Property of pure investment series
The next theorem is a property of the pure investment series that will frequently be referred to in later investigations. 2) The case of < 0: Referring to the right hand of (4.2), (4.3) and < 0, it follows This tells us that Sf(i) doesn't have rB that satisfies SarB) = 0 where i > r.
3) The case of > 0: From property 3.2, the NFV of also satisfies the next statement. at the end of periods 0 through t ( t < n). Let r, and rn denote the IRR of A, and A respectively. When A is decomposed into ), referring to (3.2), A, can be expressed by A,(rn ) is a partial series of single-period projects at periods 1 through t of ). el+\ at the end of period t is the value of coefficient of the single-period project of A(rn) at period 2 + 1 (see Figure 4 ). We must note that the structure of (4.9) is equivalent to that of (4.1) in theorem 4.1.
Then we obtain the next theorem. iff max 4 = r n .
E l^n
Proof. 1) Necessity: When A is decomposed into pure investment series 1, A,(rn ) is also pure and c,+ 1 < 0 holds in (4.9). Then from theorem 4.1, A , doesn't have IRR r, which satisfies r, > rn . This holds for all t = L2,. . . ,n -1, so that max fi = rn. K f < n 2) Sufficiency: When max fi = r n holds, from theorem 3.1, A is decomposed into ) . We K t S n assume that there exist single-period financing projects among u r n ) . Then there must exist the value of t which satisfies followings; a) the series is pure until period t, and b) a single-period financing project exists at period 2 + 1 for the first time. Namely, is pure and cf+ I > 0 holds in (4.9). From theorem 4.1, A, has the IRR r, which satisfies r, > rn . This contradicts to rnax fi = rn . Then the assumption is fault, namely, there is no single-period financing project l<,t<.n among 
Conversion of mixed investment series into pure investment series
In the case that rnax fi = r n holds, from theorem 4.2, the investment project A can be decomposed l <l<n into the pure investment series. Therefore, another case, that is the case in which max fi = Gfi , !<t<n rn < n holds, is an issue to be investigated. Let A(r,i) denote a series of ~i n~l e -~e r l o d projects composed of single-period investment projects whose IRR is r and single-period financing projects whose IRR is i. We consider a decomposition of the investment project A into In general, A(r,i) can be expressed by
The single-period project at period 1 is of an investment type. However, the value of r is unknown and whether the single-period project of each period is either an investment type or a financing one is not determined. The next theorem describes that a specified period, at which a single-period financing project exists, can be determined. Theorem 4.4. The single-period project at period rn + 1 of is of a financing type under the condition that maxfi = cn , r n < n K / < n (4.13) holds for A = A(r,i).
Proof. We assume that the single-period project at period m + 1 of A(r,i) is of an investment type. As the same manner as (4.9), the truncated project A , , ) can be expressed by
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By assumption, cn,+, <: 0 holds. From (4.13), rnax = holds, so that, from theorem 4.2, I<t<m A ,, can be decomposed into the pure investment series A,,, (rm ). Then we can rewrite (4.14) as - ,(r,i)+f~,...,o,~,~+il-(4.15) The statement (4.15) yields Since -cnl+i 2 0 , from theorem 4.3, &, ( r i ) should be the pure investment series A,,, (r) and r >. mi holds. It also follows from the assumption, A,,i+i (r,/) should be pure.
At,i(~nt)=~t~
1) The case of m + 1 = n : The entire A(ryi) is pure. This contradicts to (4.13).
2) The case of + 1 < n: We already discussed the case when the entire is pure above. From 1) and 2), the assumption is fault, and therefore the single-period project at period + 1 is of a financing type.
Q.E.D.
When the single-period project at period + 1 of A = A(r,i) is of a financing type, A(r,i)
can be expressed by picking up the single-period financing project em+ iew+ ~( i ) as follows (refer to Figure 6 ). We conclude that the value of r of A = K(r,i) can be calculated as the IRR of A( J ' = A( J ) (~, o which is the pure investment series obtained after j-th conversion to eliminate the single-period financing project.
The Procedure for Judging Profitability for A Given Investment Project
The procedure for judging profitability for a given investment project A = [ao,a~ ,. ..,an ] can be described as follows. We repeat Step 1 through Step 3 until we obtain the pure investment series.
Step 1: Find the period t which satisfies at > 0 and at+\ < 0, and calculate ft . Repeat the same procedure for all t which satisfy at > 0 and an. 1 < 0. Calculate rn when an > 0 2 .
Step 2: 1) If max ft = rn, then go to Step 4. K t < n 2)If maxfi=r,n , m < n , then gotoStep3.
ISt<n
Step 3: Convert the cash flows using the capital cost i as follows, and go to Step 1 with the project obtained here. In the case that all a; become negative, A is not profitable3 and the procedure is terminated.
Step 4: If rn > i, A is profitable. If rn < i, A is not profitable. As a numerical example, consider a project A = [-100,220,-140,40,110,-180,200] , where the capital cost is given as i = 10%. The conversion of the original cash flow A to A' and then to A" is illustrated in Table 1. Step 1: We have q = 120.0%, r4 = 73.7% and ri = 66.4% for A .
Step 2: 3 = q holds.
Step 3: We obtain A' by conversion with = 1.
Step 1: We have r 4 = 56.7% and ri = 49.3% for A'.
Step 2: fi = r4 holds. Step 3: We obtain A// by conversion with = 4 .
Step 1 : We have r 4 = 22.4% and re = 47.0% for A".
Step 2: fi = r6 holds. Then we go to Step 4.
3<r<6
Step 4: Since r 6 = 47% > 10% = i, A is judged to be profitable.
Conclusion
This paper analyzed the problem of judging profitability of a general investment project using internal rate of return (IRR) criterion. A general project, in which cash inflow and outflow are mixed during the life comprised of n periods, can be described as a combination of "the single-period project." The single-period project can be categorized into two types; the investment type and the financing type, where the former is profitable under the condition of r > i while the latter is not profitable under the same condition. Therefore, the existence of the single-period financing project among the whole project disturbs the utilization of IRR criterion. Toward this problem, we have presented a conversion procedure utilizing the capital cost i toward the single-period financing pattern. Then, we can eliminate the constituent that is not profitable where r > i. It follows that the IRR criterion, namely the comparison of the IRR r and the capital cost i, for judging the profitability of the whole project, can be applied to any type of project. Thus this paper extended the utilization of IRR criterion to the general type of cash flow patterns.
This problem was discussed by D. Teichroew, A. A. Robichek, and M. Montalbano [4] , [ 5 ] . The IRR r of A(r,i) is equivalent to the "project investment rate (PIR)" r ( i ) they proposed. It can be said that we have developed a new algorithm to compute the PIR directly only with the standard IRR computing routine. From (3, 1) , we obtain -Sk (i) = ct {(I + iln-* + (i -r)(n -t)(l+ i~~-' -' } . Therefore, the di coefficient cf determines the sign of the derivative where i > r.
2. If q is the maximum rate in Step 2, At should be decomposed into a pure investment series. If af < 0 , A, cannot be decomposed into a pure investment series. In the case of at > 0 and af+i > 0, rj should not be the maximum rate, because when Af is pure, there exists f i +~ that satisfies q +~ > q, and when A t is not pure, there exists 0 that satisfies Q > q for 1 < t .
3. In this case, project A cannot be decomposed into x(r,i) under the condition of the given capital cost i. However, the conversion doesn't change the NFV of the project under the given capital cost. If all a: are negative, then the NFV of A) is negative. Therefore the NFV of the original project A is negative and A is not profitable. 4. r(i) can be computed by r = r(k) which satisfies that the final value function Fn (r,k) = 0 . The fbnction r = r(k) is analytically investigated in many literatures, but only the projects with a life of two periods are discussed [I] , [2], [ 5 ] . As a trial and error approach, the computer codes using Newton-Raphson method for calculating the value of r(k) are proposed ~71.
